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Phase-field approach is adopted to investigate numerically the fracture behavior of the plain concrete
beams under static load. Simply supported beams under three-point loads are examined. The implemen-
tation of the phase-field model is conducted within the commercial finite element software ABAQUS for
two-dimensional brittle mode-I fracture problems. The phase-field model is built on the rate-
independent variational principle of diffuse fracture. The implementation is based on both subroutines
user element (UEL) and user material (UMAT). The elastic displacement and the fracture problem are
decoupled and solved separately as a staggered solution. The main variables considered in this study
are the length scale parameter, the fracture energy Gf and stability parameter K. The method is verified
by comparing the results with a previous experimental study. The results have shown that the length
scale parameter have high effect on the ultimate load and it depends strongly on the mesh size. It is also
found that the ultimate load increases with increasing the fracture energy Gf, and the change of the
parameter K seems not to affect the ultimate load value and the behavior of beams. To investigate the
benefits and defects of the phase-field method, the analysis is compared with another numerical method
using the eXtended Finite Element Method.
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1. Introduction

Concrete structures are full of cracks. The concrete has compli-
cated failure mechanisms due to the multiscale and multiphase of
the material. The location of crack initiation and direction of crack
propagation are affected by the stress distribution. Several tech-
niques were based on Griffith’s linear elastic brittle fracture, which
was modeled using the energy release rate. Essentially, once the
energy release rate hits a critical value, the crack can grow or prop-
agate further but this is not sufficient for determining curvilinear
crack paths, crack kinking, and crack branching angles. In particular,
such a theory is unable to predict crack initiation. These defects of
the classical Griffith-type theory of brittle fracture can be overcome
by variational methods based on energy minimization [1–4]. The
phase-field method PFM considerably reduces the implementation
complexity for fracture problems as it removes the need for numer-
ical tracking of discontinuities in the displacement field that is the
characteristic of discrete crack methods. This is accomplished by
replacing the sharp discontinuities with a scalar damage phase-
field that represents the diffuse crack topology,wherein the amount
of diffusion is controlled by a regularization parameter [5–9]. An
unbroken material is connected to broken materials by the phase-
field, a scalar variable. If its value reaches one, the material is fully
broken, thus both its stiffness and stress are reduced to zero. PFM
was founded by Francfort and Marigo [10] who proposed a varia-
tional theory of fracture based on energy minimization principles.
Bourdin et al. [11] provided a regularised formulation by introduc-
ing a length scale parameter that rendered the approach more suit-
able for numerical approximations. The variational formulationwas
further modified and extended to multi-dimensional mixed-mode
dynamic brittle fractures [12,13]. The PFM for brittle fracture has
been implemented in the commercial software ABAQUS via a User
Element subroutine by Msekh et al. [5], which was later extended
e using

https://doi.org/10.1016/j.matpr.2021.12.146
mailto:hanadi.ridha@stu.edu.iq
mailto:rafil.laftah@uobasrah.edu.iq
mailto:rafil.laftah@uobasrah.edu.iq
mailto:nabeel_ali58@yahoo.com
https://doi.org/10.1016/j.matpr.2021.12.146
http://www.sciencedirect.com/science/journal/22147853
http://www.elsevier.com/locate/matpr
https://doi.org/10.1016/j.matpr.2021.12.146


H. Abdulridha Lateef, R. Mahmood Laftah and N. Abdulrazzaq Jasim Materials Today: Proceedings xxx (xxxx) xxx
by Liu et al. [14]. Molnar presented a fully functional implementa-
tion as an ABAQUS/Standard UEL of the phase-field model to study
the quasi-static evolution of brittle fracture in elastic solids. The
phase-fieldmodel is not sufficiently used to investigate the fracture
of concretematerial. Therefore, in this study, the fracturemechanics
analysis using a phase-field model has been carried out to analyze
plain concrete beam under three-point loads. The source codes
(UEL andUMAT subroutines) for the 2-dimensionalmodel thatwere
used in this study were prepared by Molnar [15].

2. The Phase-field model

2.1. Variational formation of the Phase-field model

Griffith postulated that the total potential energyP of an elastic
body undergoing elastic fracture comprises the contributions of
the elastic strain energy and the fracture energy in addition to
the potential of external forces,

P u; Cð Þ ¼ Pe þPf þWext ¼
Z

X
wedXþ

Z
C
gCdCþWext ð1Þ

where u is the displacement, Pe is the elastic strain energy, Pf is
the surface fracture energy, Wext is the work done by the external
forces, we is the elastic energy density and gC is the critical fracture
energy density. X is the domain of the body and C is the crack dis-
continuity surface [6], Fig. 1.

Phase-field modelling of fracture approximates the fracture sur-
face integral expression introduced in Eq. (1) with a volume inte-
gral defined over the entire deformable domain X according to [6].Z
C
gCdC �

Z
X
gCFC c; r cð ÞdX ð2Þ

where c = c(x) 2 [0, 1] "x 2 X is the scalar phase field representing
crack and 5c is the gradient of damage variable.

The functional FC assumes the following generic form

Fr c;rcð Þ 1
cw

w cð Þ 1
2lo

þ 2l0jrcj2
� �

ð3Þ

where lo 2 R (damage diffuse region) is a length scale parameter,
Fig. 2, and w(c) and cw are the generic crack geometric function
and associated constant; these assume different expressions based
on the type of fracture surface energy approximation used [2].

With the introduction of the crack surface density function in
Eq. (3), the discrete description of a sharp crack C in Fig. 1 is trans-
formed onto a diffused crack description as shown in Fig. 3 via the
regularized crack functional Clo (c) which is scaled by the length
scale parameter lo,
Fig. 1. Cracked Body and boundary conditions.
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Clo ðcÞ ¼
Z
X
FC c;rcð ÞdX ð4Þ

The length scale parameter lo is the regularization length over
which damage diffuses.

An exponential function was introduced to approximate the
non-smooth crack topology as shown in Fig. 2 [15]:

cðxÞ ¼ e�jxj=lo ð5Þ
2.2. Length scale parameter (lo)

The length scale plays a key role in determining the phase-field
approximation. lo is introduced to facilitate the solution using
numerical methods and to prevent any mesh dependence of the
crack path [16,17]. The basic idea is that as the length scale
approaches zero, the crack turns into the sharp crack topology as
shown in Fig. 4.

The determination of lo value is an unclear issue. Many strate-
gies in literature were assumed by researchers. It may be consid-
ered that the length scale is chosen to be approximately more
than twice the length of the smallest element size of the mesh
[1,5], but this strategy is suitable for models of small dimensions
only. Borden et al. (2012) and Zhang et al. (2017) as cited in Ref.
[19], proposed an analytical solution for the critical tensile stress
rcr that can be sustained as:

rcr ¼ 9
16

ffiffiffiffiffiffiffiffi
EGc

3lo

s
ð6Þ

There is an apparent singularity when lo tends to zero, i.e. in case of
a sharp crack, which is physically meaningless. However, assuming
all other parameters except lo are known, Eq. (6) can be solved for lo:

lo ¼ 27EGc

256r2
cr

ð7Þ

where Gc is the critical energy release rate, E is modulus of elasticity
and rcr is the critical stress which can be approximated by the ten-
sile strength.

This strategy is widely accepted that the length scale lo may be
considered as a material parameter [18], but the calculated length
scales yield erroneous results since they are usually too large con-
cerning the dimensions problem. Mandal et al. in 2019 [17],
assumed that the length scale lo may be used depending on the
dimensions of the model, it may be considered about one-
hundredth of the largest dimension of the sample and the length
scale to mesh size (h) ratio (lo /h) equals 5–10.

In this study, the length scale is studied in two strategies: the
first using Eq. (7) and the second which is assumed that the length
scale depends on the sample dimensions to investigate which one
is more accurate in determining the length scale.

3. Experimental beam

The beam tested by Grégoire et al. [20] is used to demonstrate
the applicability of the phase-field model. The beam is subjected to
three-point loads. Fig. 5 depicts the geometry, loading, and bound-
ary conditions of the beam, the thickness of the beam is 50 mm.
The notch length-to-depth of beam ratio is 0.2 and the notch width
is 2 mm. The material properties parameters of concrete are listed
in Table 1.

The fracture energy was not given in the Ref. [20]. Therefore, the
fracture energy Gf may be estimated according to CEB- FIP MC 90
based on the compressive strength of concrete and maximum
aggregate size as:



Fig. 2. Diffuse crack at x = 0 modelled with function c(x) and length scale parameter lo [15].

Fig. 3. The length-scale parameter lo and boundary conditions are used to describe
a diffused crack [15].
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Gf ¼ Gf 0

f cm
f cmo

� �0:7

ð8Þ

where, Gf is fracture energy (N/mm), Gf 0 is the base value of fracture
energy which depends on maximum aggregate size dmax as given in
Table 2, f cm is the mean value of concrete cylinder compressive
strength (MPa) and f cmo equals 10 MPa (constant). The fracture
energy (Gf) is calculated depending on the maximum aggregate size
dmax of 14 mm as used in the experimental test [20]. The resulting
fracture energy from Eq. (8) equals 0.079 N/mm.
4. Beam modelling

The ABAQUS model of a 2-dimensional simply supported beam
is shown in Fig. 6. The beam is discretized into quadrilateral ele-
Fig. 4. Crack T
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ments with smaller element size at the expected crack path.
Fig. 7 shows the FE mesh in which elements are in the refined zone.
There are two length scale parameters are used, the first length
scale value (lo) is calculated by Eq. (7), it equals 20 mm (Model
No. 1), the element size is of h = lo /10. The second length scale
value is calculated at about one-hundredth of the largest dimen-
sion of the beam which becomes 2.5 mm (=250/100) (Model No.
2), the element size is of h = lo /5.
5. Analysis results and discussion

5.1. Phase-field analysis

To verify the fracture behavior of 2-dimensional beammodelled
using the phase-field method, a comparison is carried out with an
experimental study conducted by Grégoire et al. [20]. The stability
parameter (K) is used as 0.001. The concrete material is considered
isotropic and homogeneous. The details of the mesh with the
length scale values are listed in Table 3.

The results of the ultimate load are presented in Table 4 for the
two values of length scale parameters. Fig. 8 shows the load–de-
flection relationships obtained from the current study with two
length scale parameters along with the experimental one [20].
The figure depicts good agreement between numerical and exper-
imental results. The result of the phase-field model with length
scale of 2.5 mm is the closest to the experimental test. The propa-
gation of the crack for the two length scale parameters lo at the
ultimate load are shown in Fig. 9. The propagation of the crack at
several load levels for model with value of lo of 2.5 mm is shown
in Fig. 10. The crack initiates at load 2.4 kN while the ultimate load
is 3.72 kN.
opology.



Fig. 5. Notched beam: Geometry, loading, and boundary conditions.

Table 1
The characteristics of concrete.

Compressive
strength fc’ (MPa)

Poisson’s
ratio (ʋ)

Modulus of
elasticity
Es (GPa)

Splitting tensile
strength (MPa)

42.3 0.21 37 3.9

Table 2
The base value of.Gf 0 :

dmax (mm) 8 16 32

Gfo (N/mm) 0.025 0.030 0.058

Table 3
The length scale parameters with the smallest element size.

Model No. Length scale lo (mm) Mesh size h in region lo (mm)

1 20 2
2 2.5 0.5
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5.2. Comparison of the Phase-field method with XFEM

To emphasize the benefits and defects of the phase-field
method, the analysis is compared with another numerical analysis
using the eXtended Finite Element Method (XFEM).
Fig. 6. The geometric setup of the beam with

Fig. 7. Discretizat
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The software ABAQUS is adapted to simulate the crack propaga-
tion using XFEM, taking into account materials nonlinearities using
concrete damage plasticity CDP criteria. Crack initiation criteria
must be specified in the XFEM. The maximum principal stress
and fracture energy are very important properties in damage.
The maximum principal stress damage is used with a value of
the ultimate tensile strength ft as maximum principal stress at
cracking. The predefined crack was located at the mid-span of
the beam with a crack length of 5 mm. The ultimate loads for
two models of phase-field, experimental, XFEM and the linear
strength of material approach are presented in Table 5. It seems
that the PFM predicts the ultimate load more accurately than
the loading conditions (ABAQUS model).

ion of beam.



Table 4
The ultimate load for two models.

Model No. Ultimate load (kN) Ultimate load ratio

Experimental 3.60 1
1 3.18 0.88
2 3.72 1.03

Fig. 8. Variation of mid-span deflection with load.
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XFEM. However, increasing the length scale leads to understimate
the ultimate load. The linear strength of material approach gives
good estimate for ultimate load.

The results clearly demonstrate that the load–deflection rela-
tionships obtained from the XFE-analysis and the analysis using
phase-field are in good agreement with the experimental one as
shown in Fig. 11. The crack propagation using XFEM is shown in
Fig. 12.

In the XFEM, the crack is included in the numerical model with-
out modifying the discretization, as the mesh is generated without
taking into account the presence of the crack. In addition, the
model can be implemented with coarse mesh properly. It is also
available and ready to be implmented in the ABAQUS program.
The drawback of the XFEM is that it requires a predefinition of
the crack and this requires more computational effort.

In the phase-field method, to capture the crack pattern prop-
erly, the mesh was refined in areas where the crack is expected
to propagate. The important benefit of the phase-field method is
that it does not require a predefined crack. The phase-field model
is not available yet in the software programs.
Fig. 10. The propagation of the crack at several load levels for lo = 2.5 mm.
5.3. Investigating larger dimensions

To understand the effect of the length scale parameter clearly,
larger dimensions are studied. The dimensions of the beam are
1000 mm length, 200 mm depth and the 50 mm thickness. The
notch length-to-depth of beam ratio is 0.2 and the notch width is
2 mm. The material properties parameters of concrete are listed
Fig. 9. The propagation of the crack:
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in Table 1. Three length scale parameters are studied. The first
two values are calculated using the same previous strategies for
the two models 1 and 2, i.e. Eq. (7) and 1/100 of larger dimensions
respectively. In addition, a new value of lo = 40 mm for Model 3 is
used to investigate the larger value of the length scale (lo). The ele-
ment size is chosen as h = lo/10 expect for Model 2 in which the
a. lo = 2.5 mm and b. lo = 20 mm.



Fig. 11. Variation of mid-span deflection with load for the concrete beam using the
Phase-field method and XFEM.

Table 5
The ultimate load for two models of phase-field, experimental, XFEM and the linear
strength of material.

Method Ultimate load (kN) Ultimate load ratio

Experimental 3.60 1
PFM-lo = 2.5 mm 3.72 1.03
PFM-lo = 20 mm 3.18 0.88
XFEM 3.85 1.07
Linear strength of material* 3.33 0.925

* load P = 4 M/L, M = ft .I/y, ft = 3.9 MPa.

Fig. 12. Crack propagation of the
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value lo /5 is used as before. The details of the mesh with the length
scale values are listed in Table 6.

Fig. 13 shows the load–deflection relationships for the three
length scale parameters. The length scale parameter of 40 mm
gives ultimate load less than those for the other lo values. The prop-
concrete beam using XFEM.

Table 6
The length scale parameters with the smallest element size.

Model No. Length scale lo (mm) Mesh size h (mm) in region lo

1 20 2
2 10 2
3 40 4

Fig. 13. Variation of mid-span deflection with load for the concrete beam.



Fig. 14. The propagation of the crack for length scale: a. lo = 10 mm, b. lo = 20 mm and c. lo = 40 mm (Phase-field propagation).

Table 7
The ultimate load for different values of Gf.

dmax (mm) Gfo (N/mm) Gf(N/mm) Gf Ratios Ultimate Load (kN) Load Ratio

8 0.025 0.069 1 10.50 1
14 0.029 0.079 1.16 10.63 1.01
16 0.030 0.083 1.20 10.85 1.03
32 0.058 0.161 2.33 11.23 1.07

Fig. 15. Variation of mid-span deflection with load for the plain concrete beams
with different fracture energies.

Fig. 16. Variation of mid-span deflection with load for the plain concrete beams
with different stability parameters K.
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agation of the crack for different length scale parameters lo are
shown in Fig. 14. Fig. 14 reveals that the value of lo = 10 mm with
element size h = 2 mm in lo region gives the better representation
of crack propagation.

5.4. Investigation of the fracture energy Gf

To understand the influence of Gf on fracture behavior of con-
crete beams, three beams were investigated with the same dimen-
sions and properties, but with four different values of Gf. The used
value for lo is 10 mm and for the stability parameter (K) is 0.001.

The calculated Gf is 0.069 N/mm, 0.079 N/mm, 0.083 N/mm, and
0.161 N/mm for four sizes of aggregate, 8 mm, 14 mm, 16 mm and
7

32 mm, respectively. From Table 7, it is clear that the ultimate load
slightly increases with increasing the Gf. The increase of Gf value by
2.33 times leads only to an increase in ultimate load by 1.07 times.

In Fig. 15, different simulations are conducted to display the
effect on the load–deflection curve of different values of fracture
energy. The figure illustrates also that slight increase in the tough-
ness of the beam is obtained as a result of the increase in the frac-
ture energy. However, the behavior of the specimens with different
values of Gf is approximately the same in the first linear stage up to
the initiation of the crack.
5.5. Investigation of the stability parameter K

To investigate the effect of the stability parameter Kvalue on the
ultimate load, three different values of the K parameter are chosen
with the fracture energy Gf of 0.079 N/mm. Fig. 16 depicts the
obtained load–deflection relationships. The change of the parame-
ter K seems not to affect the ultimate load value and the behavior
of beams.
6. Conclusions

In this research, a phase-field approach is used to investigate
the mechanical properties and fracture behavior of mode-I fracture
of plain concrete beams. Using the phase-field approach, the crack-
growth simulation was done by using a mesh that is much easier to
create and does not require predefined contact surfaces to deter-
mine a crack path compared with the XFEM. To validate the
phase-field approach, a comparison is carried out with an experi-
mental study. It is clear from the results that the length scale is
very important parameter in determining the crack pattern and it
also affects the ultimate load value. Choosing high value of the
length scale parameter gives less accurate results. Therefore, the
choice of the length scale value depending on the dimensions of
the model is better, because this strategy gave more acceptable
results comparing to the experimental test. The formation of the
crack does not mean the failure, the crack initiates at load of 2.4
kN and the ultimate load is 3.72 kN for lo of 2.5 mm. It is also found
that the ultimate load slightly increases with increasing the frac-
ture energy Gf. An increase in value of Gf of about 2.33 times leads
to increase in ultimate load of only about 7%. The change of the
parameter K seems not to affect the ultimate load value and the
behavior of beams. The big complaint about phase-field models
is their high computational cost.
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Method for Simulation of RC Beam Nonlinear Behavior, 5th Int. Conf.
Contemporary Achievements Civ. Eng. (2017) 243–252.

[17] T.K. Mandal, P.V. Nguyen, J.-Y. Wu, Length scale and mesh bias sensitivity of
phase-field models for brittle and cohesive fracture, Eng. Fract. Mech. 217
(August 2019) 1–29.

[18] B.A. Robertson, Phase Field Fracture Mechanics MAE 523 Term Paper, Arizona
University, November 2015, pp. 1-24.

[19] S. Zhou, X. Zhuang, H. Zhu, T. Rabczuk, Phase field modelling of crack
propagation, branching and coalescence in rocks, Theor. Appl. Feacture Mech.
96 (2018) 174–192.

[20] D. Grégoire, L.B. Rojas-Solano, G. Pijaudier-Cabot, Failure and size effect for
notched and unnotched concrete beams, Int. J. Numer. Anal. Meth. Geomech.
37 (10) (2013) 1434–1452.

http://refhub.elsevier.com/S2214-7853(21)07873-1/h0005
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0005
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0005
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0005
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0010
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0010
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0015
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0015
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0015
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0020
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0020
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0020
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0025
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0025
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0025
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0030
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0030
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0030
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0035
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0035
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0040
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0040
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0040
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0045
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0045
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0050
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0050
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0055
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0055
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0055
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0055
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0055
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0060
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0060
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0060
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0060
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0065
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0065
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0065
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0070
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0070
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0070
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0075
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0075
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0075
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0080
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0080
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0080
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0080
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0080
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0085
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0085
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0085
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0095
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0095
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0095
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0100
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0100
http://refhub.elsevier.com/S2214-7853(21)07873-1/h0100

	Investigation of crack propagation in plain concrete using Phase-field model
	1 Introduction
	2 The Phase-field model
	2.1 Variational formation of the Phase-field model
	2.2 Length scale parameter (lo)

	3 Experimental beam
	4 Beam modelling
	5 Analysis results and discussion
	5.1 Phase-field analysis
	5.2 Comparison of the Phase-field method with XFEM
	5.3 Investigating larger dimensions
	5.4 Investigation of the fracture energy Gf
	5.5 Investigation of the stability parameter K

	6 Conclusions
	CRediT authorship contribution statement
	Declaration of Competing Interest
	References


